AP Statistics
Solutionsto Packet 2

The Normal Distributions
Density Curves and the Normal Distribution
Standard Normal Calculations




HW#9 1,2, 4,6-8

2.1 DENSITY CURVES

(@) Sketch adensity curve that is symmetric but has a

shape different from that of the standard normal curve. /\/\
There are many correct answers.

(b) Sketch adensity curvethat is strongly skewed (b)
to the left.

2.2 A UNIFORM DISTRIBUTION The figure below shows the density curve of a uniform
distribution. The curve takes the constant value 1 over the interval from O to 1 and is zero outside the
range of values. This means that data described by this distribution take values that are uniformly
spread between 0 and 1. Use areas under this density curve to answer the following questions.

O 1

(@) Why isthe total area under this curve equal to 1? The area under the curve is arectangle with
height 1 and width 1. Thusthetota areaunder thecurve=1" 1=1

(b) What percent of the observations lies above 0.8? 20%. (The region is arectangle with height 1
and base width 0.2; hence the areais 0.2.)

(c) What percent of the observations lie below 0.6? 60%.
(d) What percent of the observations lie between 0.25 and 0.75? 50%.
(e) What isthe mean p of thisdistribution? 1 = 0.5, the “balance point” of the density curve.

2.4 FINDING MEANSAND MEDIANS The figure below displays three density curves, each with
three points indicated. At which of these points on each curve the mean and median fall?

ABC ABC AB C

(a) (b) (e)
@ mean__ C__ median__ B (b) man__ A median___ A

(c) mean_ A median__ B



2.6 MEN'SHEIGHTS The distribution of heights of adult American men is approximately normal
with mean 69 inches and standard deviation 2.5 inches. Draw a normal curve on which this mean and
standard deviation are correctly located. (Hint: Draw the curve first, locate the points where the
curvature changes, than mark the horizontal axis.)

2.7 MORE ON MEN'SHEIGHTS Thedistribution of heights of adult American men is
approximately normal with mean 69 inches and standard deviation 2.5 inches. Use the 68-95-99.7
rule to answer the following questions.

(@) What percent of men are taller than 74 inches?
2.5% (thisis 2 standard deviations above the mean).

(b) Between what heights do the middle 95% of men fall? 69 + 5; that is, 64 to 74 inches.

(c) What percent of men are shorter than 66.5 inches? 16%.

(d) A height of 71.5 inches corresponds to what percentile of adult male American heights?
84%. The areato the left of X = 71.5 under the N(69, 2.5) curve is 0.84.

2.8 1Q SCORES Scoreson the Wechsler Adult Intelligence Scale (WAIS, astandard “1Q test”) for
the 20 to 34 age groups are approximately normally distributed with u = 110 and ¢ = 25. Usethe
68—95-99.7 rule to answer these questions.

(@) About what percent of people in this age group have scores above 110? 50%.

(b) About what percent have scores above 160? 2.5%.

(c) Inwhat range do the middle 95% of all 1Q scoreslie? m+2s = 110 £ 50, or 60 to 160.



HW#10 12, 15,16, 19,21

212 HELMET SIZES The'army rebortsthai the distribution of head circumferences among male
soldiers is approximately normal with mean 22.8 inches and standard deviation 1.1 inches. Usethe
68-95-99.7 rule to answer the following questions.

(@) What percent of soldiers have head circumference greater than 23.9 inches? 16%.

(b) A head circumference of 23.9 inches would be what percentile? 84th percentile. The areato the
left of X =23.9 under the N(22.8, 1.1) curveis 0.84.

(c) What percent of soldiers have head circumference between 21.7 inches and 23.9 inches? 68%.

2.15 WEIGHTS OF DISTANCE RUNNERS A study of elite distance runners found a mean body
weight of 63.1 kilograms, with a standard deviation of 4.8 kg.

(d) Assuming that the distribution of weightsis normal, sketch the density curve of the weight
distribution with the horizontal axis marked in kilograms.

k
87 535 583 61 619 727 TI5
p=3r p=2r p-le p p+le p+le p+io
(b) Usethe 68-95-99.7 rule to find intervals centered at the mean that will include 68%, 95%, and
99.7% of the weights of the runners.  68%: (58.3, 67.9). 95%: (53.5, 72.7). 99.7%: (48.7, 77.5).

2.16 CALCULATOR GENERATED DENSITY CURVE Like Minitab and similar computer
utilities, the T1-84 has a “random number generator” that produces decimal numbers between 0 and 1.
- PressMATH, then choose PRB and 1:Rand.
Press ENTEE several timesto see theresults, The command 2rand produces a random number
between 0 and 2. The density curve of the outcomes has constant height between 0 and 2, and
height O elsewhere.

(@) What isthe height of the density curve between 0 and 2? Draw a graph of the density curve.

1

1

(b) Use your graph from (@) and the fact that areas under the curve are relative frequencies of
outcomes to find the proportion of outcomes that are lessthanl. 50% of the outcomes are less than 1.

g = ————



(c) What isthe median of the distribution? What are the quartiles? Because the distribution is
symmetric, the medianis 1, Q1 =0.5, and Q3 = 1.5.

(d) Find the proportion of outcomes that lie between 0.5 and 1.3. For 0.5 < X < 1.3, the proportion
of outcomesis 0.8 (1/2) = 0.4.

219 SAT VERSUSACT Eleanor scores 680 on the mathematics part of the SAT. The distribution
of SAT scoresin areference population is normal, with mean 500 and standard deviation 100. Gerald
takes the American College Testing (ACT) mathematics test and scores 27. ACT scores are normally
distributed with mean 18 and standard deviation 6. Find the standardized scores for both students.
Assuming that both tests measure the same kind of ability, who has the higher score?

Eleanor’'s z-scoreis % =1.8; Gerad'sis 21- 18: 15.

Eleanor’ s score is higher.

221 TABLE A PRACTICE UseTable A to find the proportion of observations from a standard
normal curve that satisfies each of the following statements. In each case, sketch a standard normal
curve with your value of z marked on the axis.

(8) z<2.85 09978 (b) z>285 1-0.9978=0.0022
[ normalcdf(-10, 2.85) = 0.9978 ] [ normalcdf(2.85, 10) = 0.0022 ]

(©) z>-166 1—0.0485=0.9515 (d) -1.66<z<2.85 0.9978 - 0.0485 = 0.9493
[ normalcdf(-1.66, 10) = 0.9515 | [ normalcdf(-1.66, 2.85) = 0.9493 ]

—l.66 0 L85



HW #11 22-24, 27 (sklp part C)

222 MORE TABLE A PRACTICE Use TabIeA tofind the val uezof astandard normal varlablethat
satisfies each of the following conditions. (Usethe value of z from Table A that comes closest to satisfying the
condition.) In each case, sketch a standard normal curve with your value of z marked on the axis.

(8 Thepoint zwith 25% of the (b) Thepoint zwith 40% of the
observations falling below it. observations falling aboveit.
s 2533
About -0.675 (-0.67449) About 0.25 (0.253347) [
invNorm(0.25) = -0.6745 | [ invNorm(0.60) = 0.2533 ]

2.23 HEIGHTS OF AMERICAN MEN The distribution of heights of adult American men is approximately
normal with mean 69 inches and standard deviation 2.5 inches.

(8 What percent of men are at least 6 feet (72 inches) tall?
Let X = height of adult male

72- 69
P(x>72) = Pge O p(2>1.20)=0.1151 [ normalcdf(1.20,10) ]
Q

>

About 11.5% of men are at least 72 inches tall. nr-z-: 1150?

(b) What percent of men are between 5 feet (60 inches) and 6 feet tall? Tow=ts T lue=id
- Let X = height of adult male

0- 69 72- 69
P(60<x<72):PaEﬁ <z< 9—P( 36<2z<1.2)=0.8848 [ normalcdf(-3.6,1.2) ]
8 2.5 25 g

About 88.5% of men are between 60 inches and 72 inches tall.
(c) How tall must aman beto bein thetallest 10% of all adult men?

[ invNorm(0.90) = 1.2816 ]
9 =1.2816 yieds x=72.2 Area= BEYFTL

Tow=-%.8 lup=1_2

. X-
Solving

A man hasto be 72.2 inches to be in the tallest 10% of all adult men.

2.24 1Q TEST SCORES Scores on the Wechser Adult Intelligence Scale (a standard “1Q test”) for the 20 to
34 age group are approximately normally distributed with p = 110 and ¢ = 25.

(8 What percent of people aged 20 to 34 have |Q scores above 100?
=1Q score of 20 — 34 year old

100- 110
P(x>100)= P& > 22 O_p(y5. 0.4)=0.6554
8 25 g
65.5% of adults age 20 to 34 have 1Q scores about 100. HFW EEEWDE
(b) What percent have scores above 150? (LINERK] lur=1i
150- 110
P(x>150)= P& >=2" 22 0_ ;51 6)=0.0548
8 25 g

5.86% of adults age 20 to 34 have 1Q scores about 150.
(c) How high an 1Q score is needed to bein the highest 25%?
[ invNorm(0.75) = 0.6745]

>

0 . AFwa=0E4780
=0.6745 yields x=126.8 Tow=1.5 lup=1n

Solving 2= =

To beinthe highest 25%, an |Q score must be 127 or higher.



2.27 GREAT WHITE SHARKS Here arethe lengths in feet of 44 great white sharks:

187 123 186 164 157 183 146 158 149 176 121
164 167 178 162 126 178 138 122 152 147 124
132 158 143 16.6 94 182 132 136 153 161 135
191 162 228 168 136 132 157 197 187 132 16.8

(@) Construct a stemplot and describe this distribution of lengths using SOCS.

e The distribution is approximately
tf symmetric with a peak at the 16 stem.
1o | 12246 Medlian =15.75
L3 | 22225668 'QR_‘ 3'65_

14 | 1570 Outliersexist at 9.4 and 22.8.
15 | 237788

16 | 122446788

17 | s&&

18 | 21677

1a | 17 162 means 16.2
20 feet long

21

221 =

(b) Compare the mean with the median. Does this comparison support your assessment of the shape

of the distribution in (8)? X = 15.586, Median = 15.75. The similarity of these measures reflects the

symmetry observed in part ()

(d) Use your calculator to construct a normal probability plot. Sketch the plot below and interpret the

plot. P
rd

‘ a
H=iz.1 Y=-1 BZ:E0Z

File

(e) Do you think these data are approximately normal? Write a brief summary of your findings.
The shape of the distribution is similar to that of anormal distribution. Also, the strong
linearity of the normal probability plot suggests that the data were drawn from a normal
distribution.



HW #12 31, 33,40-42, 45, 47

231 'G EST ATI ON PERI oD The Iength of humén pregnéncies from concepﬁon to bifth varies accordi ng to
adistribution that is approximately normal with mean 266 days and standard deviation 16 days.

(8 What percent of pregnancies last less than 240 days (that’s about 8 months)?
Let X = length of pregnancy

240- 266§
P(x< 240) = P§%<T9: P(z<- 1.625)=0.052 [ normalcdf(-10,-1.625)
(%)

About 5.2% of pregnancies last less than 240 days.

|
AFea=.0EZ0A1
Taw=-1id lup=-1.62%

(b) What percent of pregnancies last between 240 and 270 days (roughly between 8 months and 9 months)?

Let X = length of pregnancy
2240 - 266 270- 2669

16 16 o
About 54.7% of pregnancies last less between 240 and 270 days.

P(240 < x< 270) = Pg— <7< T2 P-p(- 1.625< 2 < 0.25) = 0.5466

(c) How long do the longest 20% of pregnancies last?
invNorm(0.80) =0.8416

X- 266

Solving =0.8416, yieldsx=279.5

Thelongest 20% of pregnancies last at least 280 days.

AF¢a=EYBE2C
Tow=-1 G5 JUP=2E

2.33 QUARTILES Thequartiles of any density curve are the points with area 0.25 and 0.75 to their left

under the curve.

(&) What are the quartiles of a standard normal distribution? Q, =- 0.6745 Q, =0.6745
invNorm(0.25) =- 0.6745; invNorm(0.75) =0.6745

(b) How many standard deviations away from the mean do the quartiles lie an any normal distribution? What
arethe quartiles for the lengths of human pregnancies? (Usethe distribution in 2.31 above). For any normal
distribution, the quartiles are = 0.675 standard deviations from the mean; for human pregnancies, the

quartiles are 266 + 0.675(16) = 266 + 10.8, or 255.2 and 276.8.

240 STANDARDIZED TEST SCORESASPERCENTILES Joey received areport that he scored in the

97" percentile on a national standardized reading test but in the 72" percentile on the math portion of the test.

Explain to Joey’ s grandmother, who knows no statistics, what these numbers mean.  Joey’s scoring “in the
97th percentile’ on the reading test means that Joey scored as well as or better than 97% of all students who

took the reading test and scored worse than only 3%.

His scoring in the 72nd percentile on the math portion of the test means that he scored as well as or
better than 72% of all students who took the math test and worse than 28%. Joey did better on the reading

test, relative to his peers, than he did on the math test.



241 TABLE A PRACTICE UseTable A to find the proportion of observations from a standard
normal distribution that falls in each of the following regions. In each case, sketch a standard normal
curve and shade that area representing the region.

(8 z<128 0.8997 (b) z>- 042 0.6628
[ normalcdf(-10, 1.28) = 0.8997 | [ normalcdf(-0.42, 10) = 0.6628 ]

_a

I‘Il’ﬂﬂ BELAE S

Hr¢a=. 033727

Towp=-1E99  Jue=i.ZB Toig= = HE lup=1ESS
(c) -042<z<1.28 0.5625 (d) z<0.42 0.6628
[ normalcdf(-0.42, 1.28) = 0.5625 | [ normalcdf(-10, 0.42) = 0.6628
s ur lups1.28 Tows IESS " lups.z

242 WORKING BACKWARDS, FINDING zVALUES
(a) Find the number z such that the proportion (b) Find the number z such that 22% of all

of observationsthat are lessthan zin a standard observations from a standard normal
normal distribution is0.98. (sketch the curve) distribution are greater than z. (sketch the
98th percentile of Z = 2.054. curve) 78th percentile of Z = 0.7722.
[ invNorm(0.98) = 2.054 | [ invNorm(0.78) = 0.7722 ]

P

Arsa=9A001: Ar¢a=.z19088
Tow=-1E99 |up=zZ.0EY Tow=7Fee  lupF=1E99




2.45 1Q SCORESFOR CHILDREN The scoresof areference population on the Wechsler

Intelligence Scale for Children (WISC) are normally distributed with p = 100 and ¢ = 15. A school

district classifies children as “gifted” if their WISC scores exceeds 135. There are 1300 sixth-graders

in the school district. About how many of them are gifted?
Let X = scoreon WISC

135- 100§
P(x>135) = Pg% > 9= p(z>233333)=0.01
9

About 1% of scores are higher than 135. 1% of 1300 = 13.
About 13 of the students are gifted.

247 HELMET SIZES The army reportsthat the distribution of head circumference among soldiers
is approximately normal with mean 22.8 inches and standard deviation 1.1 inches. Helmets are mass-
produced for all except the smallest 5% and the largest 5% of all head sizes. Soldiersin the smallest or
largest 5% get custom-made helmets. What head sizes get cusom-made helmets?

invNorm(0.05) =-1.81 invNorm(0.95) =1.81

Soldiers whose head circumference is outside the range 22.8 + 1.81(1.1), approximately,

less than 20.8 inches or greater than 24.8 inches.

10



